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An improved regularized numerical iteration method for nonlinear
estimation of ill-conditioned distance equations

ZHANG Jianxia, QU Guoqing, XI Huan, WANG Hui
(School of Civil and Architecture Engineering. Shandong University of Technology, Zibo, Shandong 255000, China)

Abstract; The traditional nonlinear regularization numerical iteration method can solve the ill-conditioned distance
equations, but it often assumes that the three directions have the same ill-conditioned degree and the regularization
constraint is applied to all directions, which will increase the complexity of the problem and affect the convergence
efficiency of the solution. In this paper. an improved nonlinear regularization numerical iteration method is proposed
for the ill-conditioned problem caused by the approximate coplanar of the known points and unknown points. Acting
only on the ill-conditioned direction, that is, the Z direction, but not on the direction feebly influenced by ill
conditions, this iteration method solves the ill-conditioned problem of distance equations and improves the
convergence efficiency of the traditional nonlinear regularization numerical iteration method. The minimum criterion
of covariance tracks is used to determine the regularization parameters. Experiments show that the proposed method
can improve the solution accuracy of the nonlinear least squares linearization method, and its convergence efficiency
is significantly better than the traditional nonlinear regularization iteration method.

Key words: distance equations; nonlinearity; regularization; ill-conditioned direction

0 95 7y R P OB i 38 2 JR00 A R R 0 22 Ty XA G B 8 2 DR b 0 55 0 7 o P R R
2OT RE AR LR TT R A% G2 7 1 R AR v e/ 3Rk AR 28 B BUR TT 2 — W I AT SR A L & T (E
|
W HH:2020-12-15
E£WMAB :HEKARBEILEGTH (41974105)

PEZ B A 5K A (1996—) s 2o IV T M AL WF 98 A=, 32 %8 A FE GNSS Il 2 308 Ak 20 A4 BF 9T
i R (1962—) . 55 INARME 5 A B8R, 1 . AR GNSS bk B dfs b BRAY BT 50 . A SCB SR
E-mail: qgq@sdut.edu.cn



Tl B A - — R O A o 2 0 By R AR R A T Y I DU BBk AR « 19 -

A JE e AR A 559 19 155 D0 5 ok T A e vk o A 9 A5 TR 2 ke A D A ) A R 3R 2 T B R T L AR %
25 WA 75 it i ok 2R ek 0 1% 22 WA RS LR T A B o X TS S I A TSR R R AL A B vk of
PEAL R IT 2 — B AT SR AR o X TR 2 NI A LR Ty R L — R T e T AR O AR AT R AR .
A B A7 5 R AT A 265 TR ) ik ik AR B R A T B PR 2 1 i T AR Rt di /N SR B IR AQIE 2 i
LS ZUM AT E TG, JCTE S o TR o AR 0 8 7 R 5 R 1 2 L TR R R 3 1 SR A S AR LR
FERYJ7 it AT U

X S R O L 1) R A 2 I I B A 5 R AR R dme /s AR R A R L A R AR SR dee s TR L
N0 ) i AR S LA LI AR Ay Jo 5 94 o AR A o R TR I B 67 T A 1) L iR AT O A AT A T 1
R 1% — i T M e 0 B P 285 ) R o T A R 8 A 5 A 4 M A A P B 34 3 5 R IS 32 R
ik 3 AR PR I 12 F I A 2 K R 412 o R 7 0D I8 s L 1 WA BSORA 3 R R R R
T D P B0 7 725 A A L 285 D0 B O [ ALty o7 Y R v i T B 22 4 P T U vk A L (R R )
w0 B A T e ) A ) R R DR Ay SR R AR TR A AL M TR = i s A s A T R A KT
BF R 37 5 SO0 B 7 R AE i R T 1) B Z O e A A R L A G Al 2 L A B 3 AR 1R
A5 AN T5 1) A AT AL I 25 )L 253 254 T77 1) BRE T 1 DU A 24 3 3o 2 77 0 T e I ) 52 3% P Al 2 M WAL B
AT {5 BE

DRI SHE o A X6 A e 00 LS00 A 7 ke o ™ A ) 285 [ AT 412 Y — ol SO 1) 265 00 B 5 R AR e M Al 3 vy 18 0
BAEEATE o % T7 3R T 23 77 1) Ak PR SEARL 7 Al 2 1 U Al 29 SRR 0 257 1l 5 AN RS 2SR R K F
J7 1) AT 29 SRR R PRAIE K- J7 i) BE A8 A WA SR A R e /N 3R » SURE A A 5 R 25T 17 %) 2 A
TH B o AW S8 AL 7 A7 1 WA 2805 Bp 7 22 09 5 3% 31 1 SR P IR Dy 22 308 e /) o I Ok 2 1E U AL 2 8
5 Je 2R PV 285 7 R0l R ST 0 40 BRI T 5 I B A R

1 AR R 7 72 O 4 £ M IE 4L 20 1B R K

IR R A 0 B ¢ AT AT IOR N (oo, » C 0 S0 21 WL B
B Ly Lo oLy RSB BRI 220 €, v veerve, . TERHLAR EL 0 50 A T UL B 125 K B 5 o 0 45 0
JURTREE Covy o)+ SURCHE AT 0 A b = A BT )b 0 O 3 )y 7+

L, =d,(x)+e;, (D
Forfts d, (o =G — )7 (o, — 307+ Cey — =07 g BRI S5 R ] SR B 0B 7 A
Se 7 TR 5 I T AR B TR TR A AR R A S I AE (aosyoom) JETF S — AT 45,

xr —x;

Lo—d (x) = g 2 iy 1 2 e A e (2)

d.(x,) d.(x,) d.(x,)
Hrpr A &M R R IR 2
R b0 e 55 0 S s iy T R L AR 45 4 15 T [ 20 5 S0 B A 7 B R A A L E I R S
R D T 2 S BRI B A T RRAE Z 5 1w 7 A e A R R AR A T ) 5 A R T 1) 3 R e TR
WL T5 FE 27N A«

L,—d, (x) [1_1 y_yl} pll FE S F R W (3
c—d(x,) = R i io
T d(x d,(x)l|dy | d x) ¢

T LAl A T, T A A M A T 2 A Y ] B R G
L =B,dr +B,dz +¢, 4)
K, dr=[dx . dy]" RKFET7 ARG BAS AL & s dx S s RE 7 1) Ak b A B AL s By - TG 7 1) A9 7 1) 2K
T BIZKSFJ5 1w i B B BT R R s B, Sy Z 5 18 B8 07 ) S kL B Z 07 1 Bl AR B . AR 4 X () AT AR
LPELIRZE TR
V(x,)=B,dr +B,dz — 1, (5)
A, =L —d(x,). FRITRER I/ Mok 22 767 05 2 30 ERR/ME min:



« 20 o b AHE KR FFIROE RHAF RO 2021 5% 3 #9

¢ (dx,) =V(x,)"PV(x,) =min, (6)

Hrh g :R"—R A ie/N B BIr R dx, = [dr, dz ] S S E000E & i R fhith g, s B R
ARV Hofe /s — S fif W 2 1E A8 55 A
o' (dx,)=h(dx,)=2[Bl(x,) Bi(x,)]"PV(x,)=0, (D
B X OORAK D FEAT A 75 P B0 2k Ak 0 (8K B, T A v Jor 4 ot ik AR A 2K
. B, (x,)"PB,(x,) B,(x,)"PB,(x,)]| ' [B,(x,)"Pl
T T {Bzuk)'l‘m;l(xk) Bz<xk>'I‘PBz<ka {Bg(xk)TPJ : ®
Hrp ke R AREL

e 0T 2 A WA SR A A X T AR AN A X T MR A G SR/ e IR) A, SCHERL L7 IR LA BT
U F R S0 A 0 P 36 7 A R B TR 2 A DR /INFI AR MR R B . 2 Bk 2 R B TR T B A AE e A I
o T 2F W00 ) [ A BEARG PR B AR B0 A AT R . Sk A R B A R A 9 A 1) L A% e i R T
P HERRAE 12 R 2 S8 TE AR Dy i, L H R eR R

¥ (dx,)=V(x,)"PV(x,)+adx;dx,=min, €))
Ho o S IE AL S50, 325 RSP A 0 R R MR I DY . 25 BB AL R (E K B AR RO FR A S
BOR— Bl T 802 H55E TF . 455 X O #7461 il 15 .

(x)"PB, (x,) +a,d B,(x,)"PB,(x,) }l {Bl(xk)"‘Pl} (10)
B,(x,)"PB, (x,) B,(x,)"PB,(x,)ta:l B,(x,)"Pl
K A0 WL G ALtk N AL .

H1 2K (10D AT 1 A% Gt A 2 T U A 32 A AR R %A T ) 5 A R ] 118 285 [ 30 DR O i 0 e A D T
A7 1] 3k BB BE A% 4 R R AR PE BTN DDA SRR L 3 T )Y A A% B EL AR T B AR i W B .
R b 0 S5t 5 5 A 6 o ORI 4 S T B0 9 A TR AR R DL L S T BT T B I AR R BRI AR AR R A
FFHASAE 50 M1 12 R A5 3 ANy 1) 6 107 1) 5 AR AFL o — B0KE 4R A R AR 122308 1 5 A O 4 W7 A 8 25 ek 1 i i
RFNWR A T5 ) o B X S I B e A AR TR T Z 5 1) Y R) R 2 i — e ) O ) A Bk A B

B, (x,)"PB,(x;) B, (x,)"PB,(x}) B (x)"PL
B,(x,)"PB,(x,) Bz(xk)'I‘PBz(x,c)Jra,\,J {Bz(.Y;\.)TPl:[

5 ¥R A 43 J7 1 b 35 285 (0] LA SEUARL L B ARG 7 1) A ) 5 2% B L RE DR GIE K K- 1) B ATE 8K Oy B/ R i

T AV 285 1 T fidf 19 52 T P[] s 2 o AT SRR

2 ENLSHHEE

B I U A 2 00 DR 285 00 7 37 D7 R 194 A P I U Ak A M0 B 0O 9 S i o R s /R
WS RNG T  3d OR 2 5 B0 S R 5 B2 1 o/ 0 [ A B R 3] WY A B AR L A AN R PR AR
RAFTE . ARWFIE PR —Fh 3 T feg /N Db 7 22 308 S i AE AL S 80m O i . i

o N B
X1 =x, tdx,=x,+ {

X =x,+dx,=x, (1D

_ [Bi(x)'PB (x,)  Bi(x,)'PB,(x,) | (12
Bz(xk)TPBl(xk) Bz(xk)TPBg(xk)+a1
YR R B R 2 A, 25 4 20 (12) a] $1 20 0L 5 5 14 B R 5 g

B, (x,))"PB,(x,) B,(x,))"PB,(x,)] _ R 0 0
de: o~ o~ I:Qli 5 |o (13)

B,(x,)"PB,(x,) B,(x,)'PB,(x,) 0 «|Q]*

HR A 0 B A 2 SR 0 ds G5, ) A5 3 2 500 T i 3 L 1) RN K ) 14 B R R

Qi = Qs | =LNw (x) Fal =Ny (x ONG (x)ONo (x0) ] —a Q7 b

1erdr :Nll] (xk)+Nll] (X, )N (x,)0 4.0, Noi (x, >1\711l (x:)o
v N BEE I OE D0 Ak 249 5L K SF- D 1l R0 5 1] 4 I DR RO Dy



Tl B A - — R O A o 2 0 By R AR R A T Y I DU BBk AR ¢ 21 -

jémz 10 i | =[N (x) =N (x ONL (x ONy (x0]

10w =N (x) N (xON L (000 Ny (xONT (x0) .

B 2 CLS) RN W0 B 67 5 B Z 5 1) i A e 2552 i K SF- J m BY X AT Y O ) (R SR ARG B X FN Y

J7 1] A 77 A g A A R AR TR . An SRR T U Ak 2 B R R T T B ), B BB S U ) Y e A L (L
TR T IR A BRAR T AR R RIS R . A5 R 5.

N 1 1 9 :
Jdedz*dedz: +a HQ H = : +a HQ ” ’

Hdedz || ||dedz || +a1 ||dedz+a1 || (16)

lédnlr _erdr = ||dedz H - Hdedz ” )Nﬂ] (X, )N, (x, )Ny (x, )Nﬂ] (x1),

FH 2 C16) AT 7E — 2 BB [ P S 88008 T ) O DR B R 5 IE AL 2 8 R B 00 & o 3l b B i Ak 2

BAEM T Z J et BEAR Z Jr i 28 25 7K F 07 1) B XA Y 5 1) 7= AL B RE 0 o BOK S 1) 0 2 7 [ Y L
B Q ara, » W AT TH 58 S 800G T A 169 B 07 25 Ak (B

Dd,:aéan: {O‘Oerdr 55erdz:{ ’

Gé Q gl-rdz Gg Q dzdz

ot of e sy 2. 5 R Se R A LA 2 R AR G B S AU 2 of (e R R AN

., Vix,)"PV(x,)
66(“&):T0 (18)

L By M SR TR AE K- O 18] F 3R L7 16 B 5 26 02 o BB P R A IX SR IITEIE G 2R 1F N . 7 25 5 Bl
TE DU AL 2 50 38 i B AH il T AR Gk 25 LA Kl 22 S5 IR L. T 2 B A TR S . T U7 22 B RE NS R
A S W2 7 12 W SR RS 2 AT e A =X (19D S (e A R Ok T 55 1E I AL 2 8
pla,)=min tr[ Dy ()] . (19)
L) Sy Bip 7 22 308 foe /N DU bR 50, 2005k T 1 e 12 0 i 7 10 U AL 2 80 HA R &5 R a8 1 s By
J5 72 W6 A 1E A S B0 38 i AR s T RS B IRE LT LB,

(15

(17)

3 &4l 200

3.1 EF 1. 4E R EEE M ST 700
SR FH SCHiR [ 12 40400 i i W0 B 2 0 0090 £ 600

558 AT Py Py Py 10 = A AR DL R 55“

APy CREILELE K (0,0.0) m) B 8 4~ B0 5 1 §4“

L 5 L MRS 8 A B 26 A 1 = Ak A A A 0L 00

BB SR R AR SR AR A RN x, = 2000

(0.1, —0.1,0. 117, B AR 2 Ik A | B (x| < o

10°% . 71 2 3 4 5 6 7 8 9 10
12 1 R 4 i R B 3 e

PR AR, L C R SRR A 2 00 B T A AR E1 BEFHhAE£ErSMENBEEULSHBERER
BT R A5 80 115, 052 0 fF TP 2 FEBE ) Fig. 1 Regularization parameter search results based on the
A - PSRBT AR BE 3 AN D 1l b A AR AEAE 4 minimum criterion of variance tracks
H6.719 4.1.222 2.0.058 4,7 J5 [ b 0 ER1E
AR T O AT HIBHZ AR A S PE ELE T T Z Jrm X Jrm Y Jrm S v RAF . X Tk B A a4, 4y
SR AR 2 M Je /N vk v AR i L A% G AR S TE Ak 3 AR TR RAS I 9 07 Tk HEA T TH IR O X L Wi S R R
AR E B RN 2 PR,

HH 2 2 25 WA 4 RO o 0 B (E AC SI0AR o Eb o] A R R M R/ A Tk R AR R PG SR L HL R T2 BRI
SO ff DORG E R 22 B SRR AT AR G HR Z i b AR S MR e 22 B K iE — 2B UE I T % o BRI A



. 22 . b AHE KR FFIROE RHAF RO 2021 5% 3 #9

T Z J5 1 s e A A AR AL B 2 R) N 2 2 9 20 Bl w0 A AN ASUE - 0SSR B L AN G
FTF W 2575 R LI R 50 5 A GEAR Lk 1B W AL 28 AL ANAS BT 5 75 12 2 T A2 12 ol 2 AR B AEL S IR 17 o 25 1) A
X7 R 2L A B R L B R T AR Z Ak de /s TR R RS BE 5 T ASBIE S O ik B PR IE K P O T BE A AR E SRR S
SCERYARZNE Fe /N e fifp - SURERE AT 8 AR 25777 160 6 A 149532 W) o 3 ek 226 AR U R L A Ul W A F 5 07 TR RE A
B st 15 BB EL SR B o T AR S A A TE D Ak A A A SRR L A Ak B R 3t A P R S RN
LU 1T 5 BRG] AU B AT R B PR BE

B 2 45 T AR 7 AL e AR 2k TE F 1 ERIMIEEGC M AR K = 4 AR 00 BE B
A3 A 1 A5 2R AR 1 L R b A 22 A0 YR B Tab. 1 Three dimensional coordinates and observation distance
WAy A2 XY Z 3 AT B B i sk of known points in the short-range ranging positioning m
fift o PP 2 WAL 5 A S T A AR E 25 A tr .
LA S PR i A S B A . A R R PR RE X Y z
ST KT GPS SEANLE N ST E 7 45 4 IE 25 P1 10.000 20.000 6.000 22.180 0
BB AR W AR AE B 0 &S R0 R 0 A e b 2 g P2 8.000 30.000 0.000 30.960 0
H A 0 ASWF 9T 7 AT ok & P3 10.000 —20.000 6.000 23.170 0
32 Efl2.EWEREIISESIE P4 8.000 —30.000 0.000 30.880 0

SR F SCHik D16 1R %) 1E 7S 1 T 06 5% ) 78 o7 P5 —10.000  —20.000 —6.000 23.070 0
B, H 6 PN EH&AE PP,y s Ps (VU TIEANDH P6 —8.000 —30.000 0.000 30.440 0
TS, RAE P, AR EMEN P7 —10.000 20.000 —6.000 22.700 0
(4 400,4 400,0),3& 3 5 H T 6 6] &AL FR P8 —8.000 30.000 0.000 30.720 0
T ) .45 R 1 B Bl B (T, AR
6 A~F2 ) s A9 = 2 A b A Dy UL R SR AR A F2 FREAENBREER(HG 1)

B =4 A bR S ERIE N xo=[4 400,4 400,0, Tab. 2 Calculation results of different methods(Example 1)
0" AR S R (x ) [ <1077, Itk B SR/ m AU

TEIE S W B = 2 R A b R RROR R AL kbbb TRk —0.6334 01236  1.4245
— AR AL I3 A T A B SRR R btk — ENIE — —
LT 0 B 1 BRI BT R PEAEAE AR AS ) gt E LA 02137 01229 05520 106
A RO R SO 1,563 0X10°,  ABRGunk —0.2137 01229  0.552 0 26

D REAEAE ™ FR A FHE SO R 3 STy 1a)
BB AE(E 43 3 A 10. 449 5.1. 518 7.0. 031 8,Z Jrla] AR IE(H S 4% F O, v A Wiz r R i A vk £ &
LT Z Jrm . X MY Jrm RS RS . R LBk 4 FoOr ki TR A R 4 s .

0.10 0.125 0.60
0.05 | ‘ 0.120 0.55
— RGRIRA T IE 0.50 §
0 Mk AR 0.115 — e AR I 045 -8 — EH AR TE
£ 0.05 e BT T B g 0.110 Mk AR £ 8?(5) : AL 3
= _0.108 ™ 0.105 wee KB GIHT ® i 3 s KRS
-0.15 3! 0.100 0.25
) 0.20
~0.201 SNy 0.095 g 18
7025 | | | | | 0090 | | | | | 010 | | |
0 20 40 60 80 100 120 0 20 40 60 80 100 120 60 80 100 120
k k k
(a) X 1A (b) Y F 1A (c) ZT7 T

B2 2#AENAMEXFTIE(ES 1)

Fig. 2 Point iteration sequence diagrams of the two methods(Example 1)
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Fig. 3 Point iteration sequence diagrams of the two methods(Example 2)
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Tab. 5 Calculation results of different methods(Example 3)
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Fig. 4 Point iteration sequence diagrams of the two methods(Example 3)
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