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Analytical Solutions to 2D Elastic Problems of Graded Materials in Cartesian Coordinates
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Abstract; The paper presented analytical solutions to 2D elastic graded materials in Cartesian coordinates and studied
the elastic field under varied elastic modulus. Solutions to general 2D problems of finite extent were generated in
terms of the Airy stress function by solving the deduced compatibility equations, which were simplified by selecting
two inverse schemes of special stress function and modulus variations, and the elastic fields in half-space under uni-
form loading were formulated by using the displacement method as a special 3D problem depicted by 2D plane strain
problem. Research shows that modulus variation with depth has no effect on the stress field in the latter case, while
it has effect on both the stress and displacement fields in the former.
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Fig. 4 Displacement contours of the thin plate under linear pressure (x=0.3)



[T Journal of Shandong University of Science and Technology

B AR BT MR AT R ) R AL A MR AT 57

[\S)

2.2 RABHATAAEEES

T s BN 53— A R S i I R R A Ak 1
PRI R R A A T 2 20 (2), Sadd™ 4518 T E=E
() =1/(Ay+B),0=0(y) B} [} R ; AL ¥ 510 K
PR AR HE AR R AR O AL, X L E=E(y)

—_ = = e
N = N

a=0(F 5T b1

=E e, 0=0(y),

[ AibE:Su s =)

0.8
M E=E, e if AU E W v Jr 1] 545 $im 2 ~—
k¥ a=0 i, E=E, EHAMEERENR . a=—5 .

M a=0.7 . ERAHL A 5 Prs.,

=
=N

¥ E=E(y)=E,e* M o (ML AKX (2 E

0 0.1 02 03 04 05 06 07 08 09

. , 1
d'o dj‘? 4o (10) FRALAH /b
dy dy’ dy?
A B B S SR TR E AR ST
RE) Fig.5 Modulus gradations of the thin plate under
T_Ll eyt Ce?y, non-linear pressure
Fir L4
6.=C e +Coe¥y,0,=1,,=0, (1D

Hop.Coy GO WL

IR X RLIET 1 7R AL B p() =Cre” + Gy, 4 C=C=1 M C =1,C=—1 W %W S 5% R
A SEBRIEBLanTE 6 s . B b 3 IR MBI AR o= —5. a=0. a=0. 7 BT E AR LR .

wl(CJE )ik (C/C=1) e'(C,+C)) ul(CJE )i (C/C=1)
1 ' T 1r- g ¢ (C,+C
4 iy
0.75 ]2]"’ Ty 0.75 t
Al B/ A
S o5 0.8 \ ,I 2 05 "-E“‘\\
= U Vo ® O LY
0.6 \ R LV
\0 4 \ i ; r “
0.25 ’ \ i 0.25 \\‘g_}
Toe— "’/ —*‘\
E=E(y) i
0 i 0 —icl
0 0.25 0.5 0.75 1
x/a x/a
(a) KR BFEL (C/C~1) (b) KT EFEL (C/C=-1)
(a) Horizontal displacement contour (C,/C,=1) {b) Horizontal displacement contour (C /C,=-1)
vI(C/E)-fi#e (C/C=1) N0+ v/(C IE)-fi# (C/C=1)
1 — 1 e“(C1+Cz)
N\ A
NP\l i ‘-\
Mg ' & = Ly
0.75 AN \: ,:’I’ 0.75 ’7 iy
> . i 3
\ 9, :‘_PII -
© ; v © iR
] 0.5\ @5 b = 0.3 .
29 b L
[ ===, H ; \ “X
0.25 0, LY 0.25 A
i
o L EZED) i1 0
0 0.25 0.5 0.75 1 0 0.25 :
xla x/a
(o) R EHL (C/C=1) (d) B S MEL (C/C=-1)
(c) Vertical displacement contour (C,/C,=1) (d) Vertical displacement contour (C /C,=-1)

6 FRUETHRTHEBEREDIANCBEELE (1=0.3)

Fig. 6 Displacement contours of the thin plate under non-linear pressure (=0.3)



Iﬂﬁﬂﬁtﬁ ‘58 £32% £2H Vol. 32 No.2
%T@ 20134 4 B Apr.2013
¥ B AT b v ] LR A5 AL BL i
u=7-(Cy+Cory),s v:‘ﬁ%[%(ﬂ#wf)+#Qy} (12)
EX#:O. 3’\:le Cl/C2:1 i Cl/czzil Etj"éj\%IJﬁﬁlLHiZ{jﬁz%E@%ﬁgfﬁnFﬂ 6 Fj?i_\‘o
AR TR ) A A N S A S N 3 RS A A O R R R S, B ] LAHE— T TR D R R 4l
R, B R URE A 20 FE WU T 32 25 56 MR 2 40 Sk 16D #il f1 o P (R 1 R 1B B4 HR 4 2% 4 B AT

¢

BOWHA S ORI | o dy = PRI o, ydy —— M. BINATF T2 2075

3 FERZEEZHHTHEE—MALEE

2 23 (] AR 32 149 A7 A 2 [ A 4y 280 DL NI 2 Bz o AR 1 TR a0 b 2 R SR A B JRE RS, B8 R ik Y 4
il 5o T B o BEAT BT ) R A L R B RN AR o s AL AR A2 X A A A3 B T L L 30 R AR AL T M
FAE R Sy A y=h A RIS R AR, WF

(Gby)y:ozi(J9 (U)y:h:() (13)
St BISIR R B GRS ENTR " . YA SRR ST LA RN T R
_ Ut Ad—2pw o _ A+ A—2p )
v E(d—u LgCh—3) ]y Unax E(d—p qh ; (14a)
0. =0o Z*f}#q, 0y = "Qs Toy = Tee—7yr—0, (14b)

A A E=E,/1+ky FlE=E, e B AE BLHETT 4 B8
3.1 BUEEERFRHEATHL

L7 S 2 T B 2 18] 1 32 349 1 g 25 1) S0 7) s A AR fh R BB, E=E, /(1 ky) 4R 3R 3L A i v TR B 7 1) 42
FHe ) e O AR L B AR NP 7 Ca) B o 242 k<O iF . B A B ol Y% 3 8 3 4 R ( BN R s £>0
I 3L A o RS S T ks C B R 0 5 =0 BRI A1 B A% DL

E=E, | E=E,
o o
» X ‘>XS
S '
k>0
E=Ee”
E=E,/(1+ky)
k-0 TR a=0 AL
y v 1 ¥ 1
v
(a) 7 bR BT 2 S P B 8 AL (b) e R B MR B AR AL
(a) Power-law modulus gradations (b) Exponential modulus gradations
E7 ¥ZTRZEFZHRGTHEOIAHERTLTEE
Fig. 7 Modulus gradations of a half-space under uniform loading
¥ E=E,/Q+rn AR WD,
d*v dv
14+ky)——k —=0 15

fifk 1% Bk o3 I AR AR LS A -



Journal of Shandong University of Science and Technology

B WBE

B AR BT MR AT R ) R AL A MR AT ‘ 59

o 12
v:(/1+c2(y+?) .
R B 1 h
_ Z/IEO .g: _ 2(1*/1)E0 .g
A+pwd—2, & 7 2 A+pd—2p *r> ™
R A A A (13D R Co s Co AR i FIISE ST 1853500 A

O Toe =Ty =0,

v:Gti‘li;ﬁ”)q[g(hz—yz)+(h—y)], vmax:(1tfl(;;zf#)q<%hz+fl); (16a)
0, =o. :*f:?q, 0O, ="qs Toy=Tee—7n—0, (16b)
2 (16a) fr 15 N 7 i 5 31 53 64 kL B9 1
T3 58 4 — B0, 1 B PR o 0 R R 1 AR 0.012
I ARG g py k2 . mi (16b) fF
NSRS k=0 B, AR fL 2 ¥ 5k LY 0:010

PR kb WO TEE S, UURE o BEURE v

AR b 8 fran . MIEIHR AT LI k=

0 B AR JE WA IR 5 H 2R A8 1k s k>0 B, AR 2

Lt =0 B R o il TR B AR A Rk B R &

<0 W, A5 R =0 B/, i TR B A5 Ak 0.004

JEE AR B 1Y A L AR AL R 5 SR i

TR AR AL AH I .

3.2 BMEEBEEEREBIFEATH
E=F, e~ {3 g B i il TR i 52 48 4 L

A A FRRAS LI 7 (b TR . a<<0 BRI

P A A Rk TR 0 05 o> 0 5 A AR B8 R kBT T B = I8 4 L e R B RO T AL

BEVR 1 50 =0 B, E=E, A2 B Fig.8 Settlements variation with depth of different £ in the half-space

TEIE . # E=E e fRAKX (1.

0.008

0.006

I Evih

0.002

d*v dv
dy dy

0, an
fifp 3 o 7 R A
rZ'):Cz 7Qe a °

B Rk C L Co A5 0 ) i SR RS M

:(1_‘—/1)(1*2/1)(16 @ —e :(1+,¢)(1*2y)q1*e o
v (1—E, . > Umax (1—,)E, P (18a)
a.x-:m:*fi?q’ 0,="¢qs Ty =T.—1.=0, (18b)

A (18a) I 45 107 1 M 15 e ok A 722 Al 1) B30 051 w17 g figp S 281 S0 b ek 6 07 A e 2 58 4 — B30, 3K PR OB WA 3 1%
[ 50 ER A ek T TR B ) B A T AN S R N 2 o s (18D Fr s (AL B8 i o 24 o0 I, AR BR 5 1 2 44
BH AL RS AR A GE 7 B R IE B . 0 o O [RIEIN L DR o BETREE v B840 A01E1 9 iR . 7E o=
O IR o 02 BE TR JEE S Z AL 4K 50> 0 I 28 0k 38 MR 18R 5 <0 IR 90 58 il T R 722 B2 AR s Pl P A
o il R E B RS 2 A S 03 AT R TS o DRI AR S B TR R AT e e A A R SR AR R Al L A
17T Aok 21 AT A 2 B8 53 A



Iﬂﬁﬂﬁ*ﬁ 60 #F3R% F2H Vol.32 No.2

.24? 20134 4 8 Apr.2013
=2k
0.05
—fr—a=0
—O0—a=-03
0.04 —— . =-0.2
—V— o =-0.1
L ——a=0.1
0.03L ——a =02
= _
= —<— o = 0.3
i
5
0.02

0 ‘ 0.1 ‘ 0.2 ‘ 0.3 ‘ 0.4 0.5 ‘ 0.6 0.7 0.8 . 0.9 - 1.0
LI wih
B9 AE«ETEERTEETIEEREENTHL

Fig. 9 Settlements variation with depth of different ¢ in the half-space
s s

3R FHRE 3 R BSOS AL R 124 5 17 A AL bR 221 b BE A RS R A [] 53 A A/ iy 28T 75 [ et A~ 2 [
AR 32 143 A1 i 28 ) 8L 9 JLA BT LA 225 L JF X FER 1 3 AL RS S AT 2 BT o A3 AT e B T 2 2 TR 52 19 A i 480 1 )
L PR ASE i A TR A AR A AN S L ) AT s BB L SR AR i 0 A8 A N ) 3 RS SRR A S
SE K
(1A &R . k¥ Qb EF@aRS To—aml] KB KRFMR,1994,10(1):46-53.
Zhou Zhigang,Zheng Jianlong. A general solution of problems about non-homogenous elastic materials in plane state[]].
Journal of Changsha Communications Institute,1994,10(1) ;46-53.
[2]Sanker B V. An elasticity solution for functionally graded beams[ J]. Composites Science and Technology,2001,61(5) ;689-
696.
(31T 3% AP 2. 39 A 47 RAE R T 2h s b L B A R 5 w4 09 AT [T, B4k A 4 4 4R ,2006,27 (1) : 15-20.
Yu Tao,Zhong Zheng. A general solution of a clamped functionally graded cantilever-beam under uniform loading[]J]. Acta
Mechanica Solida Sinica,2006,27(1) :15-20.
(AP 3. T &, e dh 2 & R T o P a9 AAT AT B3 K4 5 3. 2006, 34(4) :443-337.
Zhong Zheng, Yu Tao. Analytical bending solution of functionally graded cantilever-beam[]]. Journal of Tongji University,
2006,34(4) :443-337.
[5]Sadd M H. Some simple Cartesian solutions to plane non-homogenous elasticity problems[]J]. Mechanics Research Communi-
cations,2010,37(1) :22-27.
[6]Gibson R E. Some results concerning displacements and stresses in a non-homogeneous elastic half-space[ ] ]. Géotechnique,
1967,17(1) . 58-67.
[7]Booker J R,Blame N P,Davis E H. The behavior of an elastic non-homogenous half-space: Part 1-line and point loads[]J].
International Journal for Numerical and Analytical Methods in Geomechanics,1985,9(4) :353-367.
[8]Yue Z Q. On generalized Kelvin solutions in a multilayered elastic medium[]J]. Journal of Elasticity,1995,40(1) ;1-43.
90 R, E P H. BEMHB A A FORBARAEINIML BT HFHF B HAL2011:11-30.
[10JWang C D, Tzeng C S,Pan E,et al. Displacements and stresses due to a vertical point load in an inhomogeneous transversely
isotropic half-space[ J]. International Journal of Rock Mechanics and Mining Sciences,2003,40(5) :667-685.
(110 E . #i A 2  PAHAIM] 3 M. L7 3 F 5 F B4, 2002:158-160.
(W% B HR)



