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Abstract; The paper mainly investigated the mixed H,/H.. control design of infinite horizon discrete-time stochastic
control systems with multiplicative noise in both state and output equation. Firstly, a stochastic bounded real lemma
(SBRL) was built. Secondly, on the basis of SBRL and exact observability, an optimal solution existence theorem of
the stochastic H,/H.. control system was obtained, which indicates that the stochastic control design is related to
the solution of the four coupled general algebraic Riccati equations (GAREs). Finally, a numerical example was pro-
posed to illustrate the effectiveness of the design.

Key words: stochastic control system; stochastic bounded real lemma; exact observability; H,/H.. control; general

algebraic Riccati equation

FriE ) H,/H.. #6l0&48 F-3 — D 88 A 0 2 Ho. PEREF8 bR 022K, 1 5 24 i IR 48 3 A7 e ik, i 45
H, A REUR/N . RE Hy/Ho EERIVER—Fh B0 S 6 ka8 7z ks R TR bR b 4
B 7R SCERC1-4 T2 51X T e RS E 89, SCERLS TRFSE 1 B B ] B /R B R Bk AR RS IR &
H,/H.. 4, 3CHRL6 175 1 F M Riceati 75 & 1Y 77 ¥ fiff el A BEATL Ik M 75 10 2 1 28 458 11 1) 3L, SCRk L7 J )
WF5E T A E Z T LR GE R SR R, SCERLS JAL9 1 i T H,/H.. #2178 CDMA R4 1)
BE AL Ly 4 Tl A 2 3K B 4% i B T
UTAER L BEAE Ho/H. 508 BTt S % 328 2 i i A 3Fe e IR 7 ) 32 52 AR 2 O[] 5% 492 1 B L
H. #HHARS H,/H. #6 R 2808 — AT PE SR . SCERL10J 45 1Y 1 28 T Lo 0 B A 45 U
BEDLA A0 3 X — 5| BRAEREAL Ho JEd e Bt BB % A E . SCRLTT AR & b fif e 1 iy e 1
|
W is HE:2015-12-31
HEETR:HFARBFRESTH (61402265) 5 IN R B K BEEHRIT H (qx2013111)
YEE B A B (1990—) . Lo INAR B LN UL W8 4 32 2 N BEATL & w45 Tl F 5
4 HEA975—) A INAR AN B, 2% DA R AL R S AR SGE AR R
E-mail:liyanghd@163. com



BBIEL Journal of Shandong University of Science and Technology
R MR B G MALIE ] R R G Hy/Ho 424 %9 93

M B b 7R AT 9 Bk 2R 8 ARG A AT U 0P RTORS B R RS 00 A ) L O T AR B 09 PBH B R X R G B %
H,/H.. #3347 7wt s SCERC12 D0 RS MO M B R G AT TiTie . 38018 7 X THEML H, /H.. %
BT AR . BRI S X — RS I S K M R 0 R G AT T H./H BRI, RELT
H,/H._ #6835 HISE 410 U (02 2% 2 TR 2 5% v iy H ook 2t A2 B0 W A %) 52 i) 39 52 B o 4 0 7
Bl 7 VR B SR L A A A R R 2 R A A B B A R, DT S e T A R R B RN RS B PR AR SO
GRS Ty R RN 1 7 R Bl AT 22 MR R R Y B A BE LS R R G Ho/Ho ¥l g8 1R,

ARSI EBERNFLHWNT 55— N AR iV i R GBI, IF 45 A e ORI 25| 3, 50 — o 42
T HARFIEEK 4018 Ho/He. Filse it . 55 =700 R FH 86 ) 22 AQ 8006 o SR g 0 A~ ) AR AR Ricceati J7
BLOIFR RGE T TEUEDT R ST RS A,

R T RAE AR SCR LR AR5 H R ORF IR n L i R PEZS 0], R, REIRITA m X n By
AR PR RPEZS ], N = {0,1,2,-) .U £RFEMHEUMEKEE.U=0WU > 0) & —ME7IEE GF ) 5,
E R PR AE R RN || - || BoRVEEUMIEREEH U | 2R, L (co,RY) Fox R EF 7l f1
Bt AL 1] 2 25 (]

1 HREBESHBIES REERMERES

AR IC R LA RS 42 ) i A R i 49 e P MR A Y B BIL 4 o) R 4

[X D= AX )+ Biu G+ D0 (AX () Bu(k))p, (k)
, (1
lzue): CX(k)+ D" CXU)p, (), X(0)=X, € R,k € N,

Hih: X (&) FmRGEMPRE BHBA wuk) = FX (k) 5 ZCk) RRGH M p, (k) R A58 % HER 45 1]
R —ABEHLAE RS, S — A B AR R, SRR 22 0 0E E(pi (k)= 0, E(p, (m)p,(j)) =
O smsj € N o0,y B NGRS m= 0.6, =1;MFm=%; .46, =0.A .B fC, (i=1,
2y om )BT G R RO, AT E, REWDWERR (AL DJALBL DB | CL > C)
= = =

EX T 35X VX, € R A TImE | X X0) (|7 =0 B2 u (k)= 0 W, B HIRE DL 5 450 (D 2
¥ o7 R . AR R AR E 1 .

X2 ANRAFAE R F € R (75 P FRBE AL i 5 48 (D B AR e 19, B A B ML il R 48 (D) 2
A ERLE Y

EX 33 SHFRGED B uk)= 00, WRMTAEEN £ € N, Z(k)=0=>X(0)= 0 JIFAFKEHL
P 2R G0 (L) J& R B ml )

BIEE 17 EZERS (DY uk)= 0B,

DARRGE (Ao D5 A, ) SEBE Y WU T 1 9B B Lyapunov J7

—L+ D> ALA, + >)C'C, =0, (2)
A ME— A ff L=0,
DMBERLGE (A, DA€oy DJC) K B 7T WL i, 24 B ALY (2) 4 M — IE & fé L i, R4
i=1 i=1

(A D A) BFRaER.
i=1
gliEZ X‘—J-:‘F‘/%é‘h(l)vé\B’:O(izlaza"'vm) ’E[]
{X(/zﬂ)—AoX(kaou(kH D AX(R)pi (k)

(3)
Z(k)=CX(k)+ D" CX(k)p, (k). X(0)=X, € R",k € N,



Ilﬂ?ﬂﬁ*ﬁ ‘94 $£35% £3H Vol. 35 No. 3
~ 2016 £ 6 B Jun. 2016
FiR)

W RS (A0B,. D) A,) Rl 199 B (AO,ZA \CO,EC AL T 4 F ) X
H Riceati J7 % -
—L+ ﬁ)A’,LA, + ic’,ci —A'\LB,(I1+B'\LB,) 'B',LA, = 0 (4)
A ME—f# L>>0, 10 H. o o

miniE{X’(k)(iC/,Ci )X (B)+u' (ku k) = X'\ LX,

= =%
I B o4z il by
u' (k)y=— (I+B'\LB,) 'B' LA, X (k).
S1HE 2y SCHRL16 I A5 B 3 748 480 i R o 90 257 E W] o A B A A ] 7 e A FE B ik
R kG —ABEPLA R L5, B E RN LS RS
X(k+1)=AX(k)+Byv(k)+ D" (AX (B)+Bvk))p, (k) -
{Z(k)— CX(k)+ D" CX(k)p (k). X(0)=X, € R,k € N,
Hrp,v e RY 2N T, Z € R BEGHH.
EX 4 REOOH MR A vk € L (N R AEKlEH A Z(k) € L (N.R=) .l Iv(k): =
Cx (k30,v) XL BN T Il (NR) > L (NLRS) X F Vvk) € L (NR),X(0)= 0, HH
WM
H Z (k) H £ CNR": >

Il = sup -
vCk> € CNLR™ > v£0.X, = 0 | v(WTBX (k) || £ CNR™ >

(20, JElCXt + 337 CXkop o) [*)°

sup — - =
v kD € CNR" > v£0,X, =0 (E/:OEH v | 2)2
{2:‘:OE[x’(k)(E;”zoc’,.coxm]}%
sup - 1 .
yCE> €15 CNR™ D v 0,X, = 0 [Zh: ()E(v/(/e)v(/e))]?

XFSCHRLG i iy 51 38 4 i — > 7 B, AT AAR B DL 5 3 .
513 WRRZ G BNMEEN IFAXMNTFEEAEN y > 0,02 [0 <y, WFHT A%
Riccati J7 12

JL+ > ALA - e~
(D" ALB,)(¥I+>)" BLB) (> ALB) =0, (6
1H<L) = Y1+ >," B'LB, >0
TEAE—MEEM L <0 B F —— (71 + 23 LB.) ZA LB,) 0. 55 (A +BF.S) (A +BF)) 2
. R AR R GEC5) AR LR O AR L=< 0 0 | 0 < 7.
2 TREESEHENESNRENESE H,/H. 3= §1& 1t

A AR S Riccati 778843 HBENL H./H.. $EHI [ BA . 25 80T B i AL il R 4%

JX(/erl)—AoX(lz)JrBov(/e)Jr D1 (AX (B)+ By (k))p, (B)+Bou(k),

L= {coxuew > lC,X(k)pz(/e)} 7
l Du (k)
D/D:LX(O):Xo GR“,/{ENo



Journal of Shandong University of Science and Technology

BEES
WRMR B AR ARG Hy/He d2 % %3t

‘95
Hr, uk)e (N R BEglEA, vik) B—MNE T, po () FIEXLSAZAGE(DFRIE XMHF., 4
E— N E WK ¥ > 0 5 U A AR C A REFE bR

J7 (uaw) = ZED v 12— 11 ZCk) |77, (8

J7 (uyv) = ZE[ Iz | *], (9

R G (D W JCBRIH BN H, /H . #”?ﬁﬂ%%ufr%ﬂzﬁw

G ARy > 0 R IE u (b€ L (NS R AT A -

Du (b)) ffBRGE(DFE B S v(H)=0,u(k)=u" (&) FFAEEWIHME X 0) = X, . R (DR
BB lim.  E | X&) |7 =0

T ENCGX(E)ED" CX(kyp (k) |P - ut (k) || g
2) |ne |l = sup (20 - 2 ) <7.

vCkY €15 CNR™ > v£0.X, =0 (Ek E | v(k) |2 )é
DWRRGE(DHPAEERIRAE S v (B) € £ (N,RY) s u” (k) BRI APR M AH H AB 5 () e/
W ERE v ) AR IR A TR B BENL H, /H.. %6 [ 2T . B4R, (' .v' ) 2 H
(8) 1 CO) By G A1 - i IF HLUts A2
Jou v Jr vy Js (wt vt )< T (u,v™ ), 10)
FE1 WMTFRFED ARBELLT AT LAREL Riccati 2

—L, + (A, + B,F.)'L, (A, + B,F,)+ >;" AL A

— > ¢, —F.F, —F,H (L) 'F, =0, ab
H, (L,)>0;
F, =—H, (L) 'Fy; (12)
—L,+ (A, +B.F )L, (A, +B,F )+ >" (A, +BF )L, (A +BF )+
>, .CC —FH,(L)'F, =0; (13)
F, =—H,(L,) 'F, (1)
A (L sLosFy G F,) JFHWER L <0 F L, >0, Hh,
F, = (A, +B,F,)'L,B,+ >)" AL/B,.
H (L)H= 71+ >" BLB,
F, = (A, +B,F)'L, B,,
H,(L,)=1+B/L, B, .

(15)

WHRREG (A D A 1 C. D C) Hl (A +BoF . D) (A, +BF )| € >0 C) 285 5 7T Wl iy . B 4
i=1 i=1 i=1 i=1
H,/H.. iilln) A DL i 0

u (k)= F,X(k), v (k)= F Xk , (16)
B BT A T B 1 RE .
gliﬂ"‘ Fl’F29F3’H1 (Ll) E@ﬁllﬁlﬁfﬂlv DI’DZ EE‘F;EE%H_\‘Z

m EI‘”,UCJ’
Z'foc" N
D, = - D, = F, s

Fg 1 ,
H, (L) *F;

ﬁu—Fénlb
D WP R 5 AO,ZA ICO,ZC SRR T L B IR 4 R S (AO+BOF7,2A | D) LK



Iﬂﬁﬂﬁﬁﬁ % %3%% F3H Vol.35 No. 3
%T@ 2016 £ 6 A Jun. 2016

CIBURITS
2) IR B HL R 4 (AO+BOF1,2<A +B.F,)| CO,ZC JEORE o T LAY R 4 Bt AL 9 R G

m

(Ay +B.F, +B,F., > (A, +BF,)| D, )t 2K 80l L.

i=1

SER LI N LT = A5
SBI1: (u v )E L (NROXE(NR); (A +BoF, . >)" A) BEEGER ., il . 7 (1D Al
(13 A 5 HI S Hy

—L, + (A, + B,F,)'L, (A, + B,F,)+ EA’,LIA, —D',D, =0, an
—L, + (A, + B,F, + B,F,)'L, <A1071+ B,F, +B,F,)+
Z (A'+B.F,)'L,(A'+BF,)+D' D, =0, (18)
Yorb Dy A1 D, B XS L.
R 4 L B N R 4 (AO+BOF1,2<A,+B,-F1>\ aéc)%ﬁ%aﬁnmmw . B LR G

(Ay +B,F, +B.F,. > (A, +BF )| D) L& K 6 a7 W00 . iy 51 B8 2 F0 )7 F2 (18) A 41 R 4

(A, + B, F, +EUF2,§]<Ai+B;F1 ) ERER. HILAE
W )= FX(DE NGRS ) v ()= F X (b€ £ (N ).
R AR 2 31 4 AR LD RS (A + BoF. . D A ) T (b= F.X (k) T Wi,
BB 2B [Ty | < 7 8 a (= u ()= FaX (k) FOA R (7 HH A 7 o B4R St
C10J i 2. 9. % R 48 (A, + B, F,, 2A> JERE B WX TAL B v(k) € LL(N,RY), f X(k) €

L, (NLR") . IR PG A 25 3, TUE% molre | <v.
TRINMASE(DPAAERKRG T v B, w RSO RS RER
B v FHEH v (W)= F X)) Fu ()= F,X(k) RARSZ(D BFEFEADEAE

T
JTaw svy= DEF v | — 12k | *]=
k=0
.
SE[#V kv )= X ) (X" CC A+ F L FHX k) |+
k 0

7 ’ S X (& Xk
X' (OL, X, — EX' (T + DL X(T+ 1)) + EE[ (k) }Ql( L [ (k) }:
k=0

X (OL,X, —E[X' (T+ DL X(T+ 1)+

T
DIE[v(k)— F X (k) JH, (L) [v(k)— F X (k) ],

k=0

=

M L o m m
Q (L)= [L, R]L = (A, +B,F.)'L,B,+ > A'L,B..R = B/L,B, + > ,B'L\B,,
i=1 i=1

M =—L,+ (A, +B,F.)'L, (A, +B,F.)+ > A L A,,
=1
T limp... E H X(T) H P =0 , A 45

T
Jv ' ov)y= XL X, + > E[v(k)— F X (k) J'H, (L) [v(l)— F, X (k) |=
k=0



BBIEL Journal of Shandong University of Science and Technology
. . . . . 7
WA VER B IR R R %S Hy/Ho 224 %3t 9

J; (u’ 9F1X): Xﬁ)LIX()o
M ESXATIFRH, v (k)= F X(k)€E L (N, RY) JEXTRN T u” MERKGHE.
¥v=v =F XU RARGEO T, MR TR mine: cvw o v’ ) B— DR v

m

R/ S/ <N N 121 B O = I (M+BJG+EFNZHA+£IQ)$I% oM, H 2 %

(A, +B,F,.B,. >, (A, +BF,)) Rl #E . I B % (A +B.F,. >, (A, +BF,) \CO,ZC) J2 A
i=1 i=1 i=1
ﬂiﬁl{ﬁ'ﬂﬂ’ﬂ 9*@%%”& Z,ﬂU?%'th minuéli(x\".k”u )JEU (u,v' )= ]}L (u” ,v' )= XngXoa IEE'—:‘D

3 HEMFE

2RSSR 3 1 AR SR SR R DY AN EE S AR () ~ (10D, 45 W T — A e 5B 05 B AR R R
S 100 WKL FEBENLE I R (D sk m = 2, y = 0.997 ,
0.3 0.6
(o.e.s)’B1 - (o.55)’

0.65 0 0.45 0 0.25 0
A= R S B =
0 0.9 0 0. 0 0. 35
0.45\ _ 0.75 0.15 0.3 )
Bz:( JB = (e = (e = (0 )e = (o) e =
0. 85 0.15 0.55 0.55 0.55

iz A ) A RIS AR (D ~ QO WAL T -
L,(1.1) L1(1,2)>_<—1.9190 —1.763 0
L.(2.1) L,(2.2)) \—1.7630 —2.2588)
L,(1,1) Lz(1,2)>7<2.1832 1.951 9
L,2.1) L,2.2>) \1.9519 2.829 1)
F1:(F1(1,1) F,(1,2)) = (—0.3853 —0.5626)

, = (F,(1,1) F,(1.2)) = (—0.220 8 —0.3546)
AT, Ly <0,L, >0, EACEEMAE 1 FME 2 fiw . B AR AR B2 E R B N, 90 AR bR S B 1 i

L, (0) L, (0) \F, Al F, FE I &SI R BIE S Ly (0) (L, (0) S X FRAEFE . [R5 M b 3 B 0 30 1 22 A58 19
WS AR A

4 0

Fi(1,1)
X ) P F(L2)
----------------- A v F(LID)
ZWWWMWWW‘*&E 0.2} £(1.2)
,l_ .
| [—ran E 03] '
............ L(2.1) |
~\
ol = L(2.2) ; -0.47 Y
------ LD -
. L) 0.5
-------- L,2.2) -
2, Tk -0.6
0 10 20 30 40 50 60 70 80 90 100 0 1002030 40 506070 80 90 100
B 1 L L R B2 FAF peRds

Fig. 1 The iterative process of L,;and L, Fig.2 The iterative process of F; and F;



Iﬂﬁﬂﬁ*ﬁ 98 %3%% F3H Vol.35 No. 3
%T@ 2016 £ 6 A Jun. 2016

4 HFig

AR SCHIFFE T e 1 M P ) B B BB L 4 ) R Gt ) A o e BT Tn] A T RS A T O A — S A B ST B
T R B H,/He BR80T %80T 5 WA ) UL Riceatd JrfE A &, il H 08 1] 26 AU5T 1
XFPUAS T R PEAT 1R L IR BUE A B E 15 B R BT A IR
SE K
[1]BASAR T,BERNHAR P. H.. -optimal control and related minimax design problems: A dynamic game approach[ M]. First.

France:Springer Science & Business Media,1995:11-399.
[2]JLIMEBEER D.ANDERSON B, HENDEL B.,et al. A Nash game approach to mixed H,/H.. control[ J]. IEEE Transactions
on Automatic Control,1994,39(1) :69-82.
[3JKHARGONEKAR P P,ROTEA M A. Mixed H,/H.. control: A convex optimization approach[]J]. IEEE Transactions on
Automatic Control,1991,36(7) .824-837.
[4]SZNAIER M,ROTSEIN H. An exact solution to general 4-blocks discrete-time mixed H,/H.. problems via convex optimi-
zation[ ] ]. IEEE Transactions on Automatic Control,1994,43(10) :2251-2256.
[5]JCOSTA O L V,MARQUES R P. Mixed H,/H.. control of discrete-time Markovian jump linear systems[ ] ]. IEEE Transac-
tions on Automatic Control,1998,43(1):95-100.
[6]JCHEN X,MOORE J B,ZHOU X Y.et al. Solvability and asymptotic behavior of generalized Riccati equations arising in in-
definite stochastic L.LQ controls[J]. IEEE Transactions on Automatic Control,2001,46(1) :428-440,
[(TJZFRGERGR.EE25. RAZSHHT L E2AGEH Ho #6]. bAABRKXKFFRARFF M), 2009,28(2):106-
110.
WANG Zhongfeng, ZHANG Gaomin, WANG Yufen. Robust H.. control for uncertain generalized systems with multiple
time-delays[ J |. Journal of Shandong University of Science and Technology(Natural Science),2009,28(2):106-110.
[8]QIAN L J,GAJIC Z. Variance minimization stochastic power control in CDMA systems[ ] ]. IEEE Transactions on Wireless
Communications,2002,5(1) :1763-1767.
[9]DU C L.XIE L H,TEOH J N,et al. An improved mixed H,/H.. control design for hard disk drives[ J]. IEEE Transactions
on Control Systems Technology.2005,13(5) :832-839.
[10]JEL BOUHTOURI A, HINRICHSEN D,Pritchard A J. H.. -type control for discrete-time stochastic systems[ J]. Interna-
tional Journal of Robust Nonlinear Control,1999,9(13):923-948.
(114545, & #rt i) Markov $k % & 4@y 2 € W An $ 46 H,/H. 3 #1[D]. & & b A AR KX 5,2010.9-97.
[12]JCHEN B S,ZHANG W H. Stochastic H,/H.. control with state-dependent noise[ J]. Automatic Control, IEEE Transac-
tions on,2004,49(1) :45-57.
[13]ZHANG W H,HUANG Y L,Zhang H S. Stochastic H,/H.. control for discrete-time systems with state and disturbance
dependent noise[ ]J]. Automatica,2007,43(3):513-521.
(14135 M. REAL 2 %09 A8 % M A LRk B R A Ml AR (D, & By ool A AL K % ,2012:10-37.
[15]LI Z Y,WANG Y.ZHOU B, et al. Detectability and observability of discrete-time stochastic systems and their applications
[J]. Automatica,2009,45(5) : 1340-1346.
[16]ZHANG W H,HUANG Y L,XIE L H. Infinite horizon stochastic H,/H.. control for discrete-time systems with state and
disturbance dependent noise[ ] ]. Automatic,2008,44(9) :2306-2316.

(AR A5 35)



